We address the issue of BRST symmetry breaking in the GZ model, a local, renormalizable, non-perturbative approach to QCD. Explicit calculation of several examples reveals that BRST symmetry breaking apparently afflicts the unphysical sector of the theory, but may be unbroken where needed, in cases of physical interest. Specifically, the BRST-exact part of the conserved energy-momentum tensor and the BRST-exact term in the Kugo-Ojima confinement condition both have vanishing expectation value. We analyze the origin of the breaking of BRST symmetry in the GZ model, and obtain a useful sufficient condition that determines which operators preserve BRST. Observables of the GZ theory are required to be invariant under a certain group of symmetries that includes not only BRST but also others.
INTRODUCTION
The GZ model is a non-perturbative approach to QCD that provides a cut-off at the Gribov horizon [1] by means of a local, renormalizable, continuum action [2, 3] . For this reason the gap equation that determines the value of a parameter γ, the Gribov mass, is known as the "horizon condition". For a review, see [4, 5] .
It is a remarkable fact that the horizon condition and the famous Kugo-Ojima confinement criterion [6, 7] are the identical statement, µ is the gluon field in Landau gauge. This is promising for the confinement problem, because the Kugo-Ojima criterion is a sufficient condition for color confinement, and the horizon condition assures that this condition is satisfied in the GZ approach. Although the identity of these two conditions has been noted for some time [8, 9] , its consequences have remained obscure because the Kugo-Ojima confinement criterion requires BRST symmetry [10] to be unbroken, whereas the GZ vacuum breaks BRST symmetry. This breaking is manifested by the non-zero vacuum expectation value of a BRST-exact quantity such as vac|{Q B ,ω}|vac = 0, (1.2) whereω is an auxiliary ghost field of GZ theory, Q B is the BRST charge, and |vac is the vacuum state. It follows formally that Q B |vac = 0. The possibility that BRST may be dynamically broken due to the Gribov ambiguity was first considered by Fujikawa [11] and is discussed in [12] . A gauge theory with dynamically broken BRST is not standard. In perturbative Faddeev-Popov theory, physical states |phys are precisely characterized by the condition Q B |phys = 0 and so, according to the standard paradigm, the vacuum of GZ theory would not be a physical state. Clearly a different construction is required if the GZ theory is to be consistent.
For a hint on how to proceed, consider the Ward-Takahashi identity that expresses conservation of the energy-momentum tensor,
where I(A) is any gauge-invariant functional of the gauge connection A, and the energymomentum tensor is given by, .
(1.6) the GZ theory BRST symmetry remains unbroken, sF = 0, for all s-exact observables sF .
This relegates the breaking of BRST symmetry to the unphysical sector of the GZ-theory and is sufficient for the familiar BRST construction of physical states as the cohomology of the BRST operator.
Let us briefly address some issues that have been raised about the GZ action. It was originally derived [2, 3] to provide a cut-off at the Gribov horizon. This procedure has been criticized because there are Gribov copies within the Gribov horizon. However, the proposed local action has interesting properties, such as renormalizability and renormalizability of the horizon condition and the coincidence of the horizon condition with the Kugo-Ojima confinement criterion, which make it worthy of study even if the model should turn out to be approximate. Subsequently, the same local action was rederived by an entirely different line of reasoning [14] . One starts in the conventional way with an s-exact extension of the Yang-Mills action. A redefinition of the fields (the MS shift) then produces the GZ action, and the horizon condition arises as a gap equation for the new vacuum. In this approach,
BRST symmetry is spontaneously broken by the new vacuum, instead of being explicitly, though softly, broken by the GZ action.
The distinction arises from two different definitions of the BRST symmetry. In the present article we are concerned with a BRST symmetry that is an exact, but spontaneously broken, symmetry of the GZ action. The alternative BRST symmetry is explicitly, though softly, broken by the GZ action [4] . Explicit soft BRST symmetry breaking has recently been proposed [15] as a mechanism that phenomenologically describes the confinement of matter.
The breaking of BRST symmetry was recently studied numerically [16] . An approach to the restoration of BRST symmetry is presented in [17] , following ideas in [18] and [19] . The explicit soft breaking of BRST symmetry might not be consistent with Batalin-Vilkovisky quantization [20] (for more recent results see [21, 22] ). Spontaneous breaking of BRST symmetry has been questioned [23] on the ground that it apparently goes beyond standard quantum field theory. The issue here is that it should be mathematically well defined. This point is addressed in Sect. 4 B of the present work, where the GZ action is quantized in a finite, periodic box (see [5] , p. 226). The analysis at finite volume yields a criterion for which operators sF preserve BRST symmetry sF = 0 in the infinite-volume limit.
Perturbative calculations up to two loops of the GZ action in three [24] and four [25] [26] [27] Euclidean dimensions as well as a non-perturbative infrared analysis [28] show that the gluon propagator of this theory vanishes at long wavelengths. The FP-and auxiliary fermi-ghost propagators obtained by solving the Dyson-Schwinger-Equations (DSE) are identical, 3 and have an enhanced singularity at vanishing momentum. In the GZ-theory this is the only solution to the DSE [29] so far, and the enhancement is due to the horizon condition. Ghostand gluon-propagators with the same infrared exponents were also found in the numerical solution to the DSE of the FP-theory [30] . This solution to the DSE supports the KugoOjima confinement scenario. It is consistent with lattice simulations in Landau gauge in two [31] [32] [33] , but not in three and four [32] [33] [34] [35] [36] [37] [38] dimensions 4 . We do not offer a resolution of this matter in the present article, but note that the value of the ghost dressing function at vanishing momentum is a gauge-dependent quantity [30, 44] . It parametrizes different gauges within the family of Landau gauges. Lattice evidence for the dependence of Landau gauge propagators on additional constraints was obtained in [45, 46] . This observation perhaps helps to resolve the discrepancy between the far infrared behavior of the gluon and ghost propagators in Landau gauge of the lattice and of GZ theory for space-time dimensions
The present article is organized as follows. For completeness and because it is not well known, the MS shift is used to derive the GZ action in Sect. 2, and the horizon condition for the new vacuum is obtained in Sect. 3. Sect. 4 is devoted to the analysis of BRST breaking:
BRST breaking is exhibited in Sect. 4 A; the GZ action is quantized in a periodic box and the BRST-breaking term is expressed as an integral over the surface of the box in Sect. 4 B; a sufficient condition for an operator to preserve BRST symmetry is derived in Sect. 4 C. The physical state space of the GZ theory is constructed in Sect. 5: observables are identified as those functionals that commute with all phantom symmetries in Sect. 5 A, and in Sect. 5 B
we introduce the hypothesis that BRST symmetry is not broken by s-exact observables;
in Sect. 5 C the physical Hilbert space of the model is reconstructed from its observables and identified with the cohomology of the BRST operator; in Sect. 5 D the positivity of the Euclidean inner product of physical states is established. We derive the energy-momentum tensor of the theory in Sect. 6 A, and in Sect. 6 B, we prove that the expectation value of the 3 This is a consequence of the symmetry generated by Q R of Eq. (A.21). 4 The Gribov scenario is consistent with numerical calculations in Coulomb gauge in 4d [39] [40] [41] . The considerations concerning the Landau gauge that are reported in the present article are expected to carry over to the GZ action in Coulomb gauge [42, 43] . The calculation in Appendix E, shows that the s-exact part of the energy-momentum tensor T µν = T YM µν + sΞ µν has vanishing expectation-value sΞ µν = 0 holds also in Coulomb gauge.
s-exact part of the energy-momentum tensor vanishes. We capitalize on this by computing the trace anomaly of the GZ-theory to one loop in Sect. 7. The anomaly at one loop has a finite negative value and establishes that the vacuum with γ > 0 has lower energy-density.
In Sect. 8 we find that the s-exact term in the derivation of the Kugo-Ojima equation has vanishing vacuum expectation value. Sect. 9 gives our summary and conclusions. The unphysical symmetries are compiled in Appendix A. A special case of the surface equation of Sect. 4 B is considered in Appendix B. The criterion of Sect. 4 C is applied in Appendix C to a simple operator that preserves BRST symmetry when the horizon condition holds.
An alternative criterion to the surface equation is derived in Appendix D. In Appendix E
we give a second proof by direct evaluation that T µν = T YM µν .
LOCAL ACTION BY THE MS SHIFT
The Faddeev-Popov quantization of Yang-Mills theory in Landau gauge is defined by the Lagrangian density,
where represented by Latin superscripts. To streamline notation we adopt the convention that
, where f abc are the su(N) structure constants and g is the gauge coupling. In this notation the gauge-covariant derivative in the adjoint representation is
The nilpotent BRST transformation is given by 2) and is readily extended to covariantly coupled matter, with s 2 = 0.
A number of quartets of auxiliary ghosts, (φ B ,φ B , ω B ,ω B ) are introduced to localize the (otherwise non-local) cut-off at the Gribov horizon [2] . The index B labels the quartets. φ B andφ B are a bose ghost pair, and ω B andω B a corresponding pair of fermi ghosts. The auxiliary ghosts are in the adjoint color representation and the BRST operator acts trivially on each quartet,
In GZ theory the Yang-Mills Lagrangian density is similarly extended by an s-exact term, and takes the form,
where,
Because L gf is s-exact, it should not change the physics. This is seen by formally integrating Consider the change of variables introduced in [14] ,
all other fields remaining the same. Here γ is a positive parameter whose value will be determined shortly. This shift of the fields breaks the SU(N)×SU(N) color-flavor symmetry to a diagonal SU(N) subgroup. Remarkably this x-dependent change of variables does not introduce an explicit x-dependence into the Lagrangian density which, in terms of the shifted fields, is given by
By Eq. (2.7), the BRST operator acts on the new fields according to
THE VARIATIONAL VACUUM
We look for a vacuum in which the new fields have vanishing expectation value,
There should not be a new free parameter γ in QCD. To determine γ we recall that the quantum effective action Γ(Φ) is stationary at the vacuum configuration, 
The quantum effective action Γ(Φ, γ) can be calculated from L(Φ, γ). For a stationary point at Φ i = 0, Eq. (3.3) reduces to the condition,
where W is the free energy, and 
where the Euclidean space-time volume has been factored out. In Sect. 7 we will see that the vacuum with γ > 0 is energetically favored.
We establish that the term in c−ω of Eq. where the restricted expectation value in the background A is calculated by integrating over all fields except the gauge connection A. Eq. (3.6) is a consequence of the phantom symmetry generated by the charge Q R,µa given in Eq. (A.21). Assuming this phantom symmetry is not spontaneously broken by the new vacuum, we have
which gives Eq. (3.6). Dropping the (vanishing) c −ω-term in Eq. (3.5) and integrating out all the fields except the (transverse) gauge connection, one obtains
Here M ≡ −D µ ∂ µ is the Faddeev-Popov operator. This equation is equivalent to Eq. (1.1)
is the ghost propagator. Eq. (3.5) determines γ or, more precisely, the ratio γ/Λ 4 QCD . The equivalent Eq. (3.8) was originally derived [2, 3] as the (horizon) condition that ensures positivity of the functional measure.
ANALYSIS OF BRST BREAKING

A. BRST lost
The vacuum appears to break BRST symmetry spontaneously, for from Eq. (2.9) we have
If we assume the existence of a well-defined BRST charge Q B that effects the s-operation,
, and a vacuum state |vac , the expectation value vac|{Q B ,ω a µb (x)}|vac = 0 formally implies that Q B |vac = 0. Here Q B is the BRST charge that in terms of the original fields is given by, 2) and in terms of the new fields by, where s is the fermionic derivative given by Eq. (4.3), whereas the integral of any well-defined fermionic derivative should vanish, dΦ sG(Φ) = 0, as one sees in a mode expansion.
To resolve this paradox, we quantize in a finite volume L d . We impose periodic bound- .9), is no longer well-defined, because the function x µ is not periodic. We instead introduce an operator s L that is compatible with the periodic boundary conditions and defines the s-operator when the boundary recedes to infinity.
To this end, we introduce the periodic saw-tooth function,
which agrees with the linear function x µ for −L/2 < x µ < L/2, and has the derivative,
The sawtooth has a vertical stroke of length L that we have placed at the boundary of the interval. At the end of the day we shall take the infinite-volume limit L → ∞.
Let us now define an operator s L that is consistent with the periodic boundary conditions whose action on the fields is,
Although not a symmetry of the action, s L S = 0, this fermionic derivative has the advantage of being well-defined. At interior points y of the quantization volume, the local Lagrangian density satisfies sL(y) = 0, so only the vertical stroke of the saw-tooth contributes to s L S = (s L − s)S, which by Eq. (2.8) gives,
where the integral extends over the surfaces at x µ = ±L/2. The breaking of s L S is here expressed as an integral over the boundary of the elementary hypercube.
Due to this explicit breaking, it is not true that s L F vanishes for every operator F .
Instead we have
because the integral of a well-defined fermionic derivative vanishes. This gives
Suppose F is concentrated at points y that are in the interior of the quantization volume |y| < L/2, well away from the vertical stroke of the saw-tooth function. In this case 7 ,
This gives
and with Eq. (4.9) one obtains, for |y µ | < L/2,
14)
The breaking of BRST symmetry at a point y in the interior of the quantization volume is here expressed as an integral at the surfaces with x µ = ±L/2. In Appendix B we verify Eq. (4.14) by explicit calculation for the special case F =ω a µb . An alternative expression for sF is provided in Appendix D.
C. A sufficient condition for an operator to preserve BRST symmetry
We say an s-exact operator sF breaks (or preserves) BRST symmetry if its vacuum expectation value is non-zero, sF = 0, (or zero). For functionals F of physical interest we will need to determine whether sF = 0. Although this is not true for certain operators, as for instanceω a µb , it is true that sF = 0 for a large class of local operators F . From the surface equation we deduce a simple sufficient condition which assures that sF = 0.
Consider the correlator C µ (x) defined by 7 ,
where
where d is the dimension of Euclidean space-time, then sF (y) = 0 in the infinite volume limit. This condition requires the fall-off of the correlator χ µ (x)F (y) to be sufficiently rapid at large separation.
The proof is immediate. Since the surface of the integration volume at
, we deduce from Eq. (4.14) and Eq. (4.17) that,
BRST CONSTRUCTION OF THE PHYSICAL STATES A. Definition of observables
We have seen in Sect. 4 B that the BRST symmetry is spontaneously broken in the infinitevolume limit, because sF = 0 for some operators, such as sω Requiring observables of GZ-theory to commute with all ghost symmetry generators Q Y serves to ensure that the class of observables is not larger than it should be in a gauge theory without infringing on any gauge-invariant functional. Of course, we also require
Accordingly the class W phys of Euclidean observables of GZ-theory is defined by
An immediate consequence of this definition is that, by the Jacobi identity, all graded com- 
where F is the set of generators in the closed algebra containing Q B and the ghost charges Q Y . The set F is given in Eq. (A.31). Since these symmetries leave all observables invariant, they cannot be observed and we call them phantom symmetries.
The generators of phantom symmetries in terms of shifted fields are collected in Appendix A. The set F includes the BRST charge Q B and the ghost number Q N , but the closed algebra of unphysical charges in the GZ theory is much larger. Note that the generator of (unbroken) rigid color transformations, Q gauge [47] and not peculiar to the GZ theory. The global color charge Q C thus is the BRSTvariation of a ghost symmetry and is included in the closed algebra of phantom symmetries
where Q X is the set of all phantom symmetries, Q Y is the set of symmetries that act on the ghost variables only and Q C generates global color transformations. Observables in this sense are color singlets.
B. BRST regained
The annoying operator sω, with sω = 0 is excluded from the class W phys of observables, because, among other phantom symmetries, [Qφ ,µ , sω If the expectation value of every s-exact functional in W phys vanishes ( sY = 0 for sY ∈ W phys ), the physical state space reconstructed from the correlators G(Φ) with G(Φ) ∈ W phys would enjoy an unbroken BRST symmetry. Although we cannot prove that this is the case, neither have we found evidence to the contrary. The example of Appendix C shows that the class of BRST-exact functionals with vanishing expectation value is in fact not limited to W phys . However, in many cases it is difficult to verify whether sΣ vanishes or not, because this generally depends on the non-perturbative horizon condition. Where we could do the calculation, we found that the expectation values of the s-exact parts of the energy-momentum tensor and of the Lagrangian as well as (to leading order) the s-exact term in the Kugo-Ojima equation indeed vanish curtesy of the horizon condition. In view of the above considerations we shall take as a Hypothesis: BRST symmetry is not broken by s-exact observables,
where W phys is the set of observables defined in Eq. (5.2).
C. BRST cohomology and physical states
Provided the hypothesis holds, BRST symmetry is unbroken by the observables and all conditions for reconstructing the physical space of a gauge theory are satisfied in the GZ model. 9 We suppose that the vacuum expectation values F (Φ) of all local polynomials F (Φ) are given, and the physical Euclidean state space will be reconstructed from these correlators.
Physical observables form a vector space under addition: if F 1 and F 2 ∈ W phys , then
This vector space is provided with an inner product,
where the hermitian conjugate of the fields is given by,
We define a (Euclidean) pre-physical state to be an observable F ∈ W phys which, to emphasize its vector property, we also designate by |F . Pre-physical states that are s-exact |sΞ form a linear subspace W 0 ⊂ W phys ,
Lemma: Every pre-physical state in W 0 is orthogonal to all pre-physical states
The above hypothesis indeed implies that,
where we have used the fact that W phys is closed under hermitian conjugation and multiplication, so F † sY ∈ W phys , and that sF † = 0 for F † ∈ W phys . Thus W 0 is a null subspace of W phys .
9 BRST symmetry holds order by order in FP theory, but it is a hypothesis that it remains unbroken non-perturbatively. 10 The minus signs could be avoided by the replacements ib = b ′ , ic =c ′ .
In the following section we show that the Euclidean inner product is positive and we define the (Euclidean) physical Hilbert space to be the completion in the norm of the quotient space,
Physical states are thereby associated to the BRST cohomology and are equivalence classes |{G} of pre-physical states of the form |G+sX , where G, sX ∈ W phys , and G is not s-exact
The BRST operator acts trivially on the unshifted auxiliary ghosts in Eq. (2.3) and the cohomology of the GZ theory therefore is the same as that of Faddeev-Popov theory.
The proofs in [48, 49] that the cohomology is free of the unshifted BRST doublets carry over to the shifted fields because the MS-shift is an invertible linear transformation of the doublets. Consequently, every equivalence class {G} has a representative G(A) that is a gauge-invariant functional of the gauge connection A only: The Euclidean inner product on the space of physical states is defined by
It is essential that this inner product be non-negative for F = G. This is precisely what the GZ action was designed [2] to do, as we now recall. 
is the "horizon function", and (M −1 ) cd (x, y) is the kernel of the inverse Faddeev-Popov operator. Only the A-integration remains,
It was shown in [2] , by an argument similar to the proof of the equivalence of the micro-canonical and canonical ensembles in statistical mechanics, that the cut-off factor exp[−γH(A)] is equivalent to a sharp cut-off at the boundary of the Gribov region Ω, provided that γ has the value determined by the horizon condition of Eq. (3.8). Thus the Euclidean inner product is equivalent to we demonstrate below.
A NON-TRIVIAL TEST: THE ENERGY-MOMENTUM TENSOR
A. Derivation of the energy-momentum tensor
In Faddeev-Popov theory the energy-momentum tensor is, where
with Ψ is given in Eq. (2.5). The Yang-Mills energy-momentum tensor is separately invariant under all phantom symmetries, which implies that sΞ µν ∈ W phys as well,
for all Q X , including Q B . We shall express Ξ µν in terms of the shifted fields that are well defined at large |x|. Let us first reintroduce the index set B = (b, κ) to be a flavor index b
and (in flat space) a Lorentz index κ,
Since nothing was done but give a name to the index set, the tensor T µν remains symmetric and conserved.
Next one performs the MS shift of Eq. (2.7). It again works its magic and gives coordinateindependent tensors,
wherec, b, ϕ andφ are the shifted fields. Here s is the BRST-operator that acts on the shifted fields as in Eq. (2.9). It is a symmetry of the Lagrangian density L of Eq. (2.8). Because the MS-shift is but a change of variables, T µν remains conserved, modulo the equations of motion.
B. Test of the hypothesis
We shall show that,
This may be somewhat surprising, because the new vacuum breaks the symmetry of the bose and fermi ghosts which are transformed into each other by the BRST operator. We here give a proof that relies on the sufficient condition of Sect. 4 C. In Appendix E we provide a more direct, but perhaps less intuitive, alternative proof that uses the equations of motion.
Both methods require that the horizon condition of Eq. (1.1) be satisfied.
We evaluate the vacuum-expectation value sΞ µν , of the BRST-exact part of T µν = T YM µν + sΞ µν . Exploiting Euclidean rotational symmetry one has, sΞ µν = δ µν sΞ λλ /d, with sΞ µµ = (2 − d) sΨ , where Ψ is given in Eq. (2.8). We rearrange the derivative and
Due to translation invariance we have ∂ µ F = 0 for any local field F that satisfies [P µ , F ] = ∂ µ F . We cannot quite use this argument to argue that sΨ ′ vanishes because sω a µb = ϕ a µb + x µ γ 1/2 δ a b depends explicitly on x. This is the only term that could contribute to sΨ ′ in a translationally-invariant vacuum, and thus
To apply the criterion of Eq. (4.17) to sΨ ′′ we estimate the correlator,
(no sum on λ) at large |x|. We use the equation of motion of b to set ∂ µ A µ = 0 and the previous result of Eq. (3.6) that c(x)ω(y) A = 0. It follows that the term in c vanishes in Eq. (6.13), and we need only consider the asymptotic behavior of,
Integrating out the ghosts at fixed A one has,
which leads to,
The first term vanishes, because for |x| = O(L), δ d (x) = 0. One thus finds,
The asymptotic behavior for large |x| of this correlator was obtained in Appendix C, and the sufficient condition of Sect. 4 C implies that sΞ µν = sΨ = 0. We thus could verify the hypothesis that BRST-exact observables have vanishing expectation value for this case and conclude that Eq. (6.8) indeed holds in the GZ-theory.
TREE-LEVEL EVALUATION OF THE TRACE ANOMALY
Having found that T µν = T YM µν in the GZ-theory, it makes sense to calculate the trace anomaly [50] of T YM µν . With m 4 = 2Ng 2 γ, the tree level contibution to the trace anomaly in the GZ-theory is given by
where we have subtracted the contribution at the trivial vacuum with m = 0 12 . We have
2)
The factor 4 − d in the denominator cancels the factor 4 − d in the coefficient of A, and in the limit d → 4 of four-dimensional space-time we obtain for the trace anomaly the finite
Note that the anomaly comes entirely from T YM µµ . The tree level contribution of the GZtheory gives the correct sign for the anomaly and implies that γ > 0 lowers the vacuum energy density.
We may approximate the physical value of m 4 = 2Ng 2 γ by comparison with QCD sum rule estimates [51] . For a pure SU(N = 3) gauge theory, the one-loop contribution to the anomaly is,
The expression of the anomaly in terms of the non-perturbative gluon consensate is [50] , [6, 7] . We here extend, and review for completeness, the analysis in [9] of the Kugo-Ojima confinement criterion [6, 7] and the GZ action.
Consider the gluonic equation of motion, 
This allows us to express Eq. (8.2) in terms of the color-current and a BRST exact contri-
The gluonic quantum equation of motion follows, 
Upon fourier transformation (F T ), Eq. (8.11) reads,
, and the functions f (p 2 ) and u(p 2 ) are defined by 
Summing Eq. (8.15) over directions and color we have,
The horizon condition of Eq. (1.1) implies that this expression should equal d(N 2 − 1) at
We are not in a position to evaluate the condition f (0) = 0 exactly. However we can evaluate it at tree level, with the result 17) where m 4 = 2N c g 2 γ is the QCD mass related to the tree-level trace anomaly of Eq. (7.3).
This vanishes at p = 0, and thus both conditions of Eq. (8.14) are satisfied, and with them the Kugo-Ojima confinement criterion.
Quite strikingly, both criteria of Eq. (8.14) for a confining phase hold already at tree level in the GZ theory. Perturbative calculations to one-and two-loop order in three [24] and four [25] [26] [27] Euclidean dimensions as well as a non-perturbative infrared analysis [28] of the GZ action show that in the infrared the gluon propagator remains suppressed and the ghost propagator diverges more strongly than a massless pole [28, 29, 52] . This infrared behavior agrees with the original Kugo-Ojima scenario [7] .
Till now we have left in abeyance whether BRST is preserved in this instance, that is whether s(A a σχ b µ ) = 0. Note that the fields A andχ are not observables, so our hypothesis 13 The horizon condition controls the asymptotic behavior of (D µ c) a (x)(D νc ) b (0) which, according to
Eq. (C.6), falls off at large x more rapidly than 1/|x| d . The canonical dimension of this correlator is 1/|x| d , so the horizon condition implies that this correlator is of shorter range than canonical. This leads to a ghost propagator c(x)c(y) that is of longer range than canonical [6, 7] .
that BRST symmetry is unbroken in the physical space is of no avail. However, we can check by direct calculation whether
holds where it is needed, namely in the infrared limit. In the infrared the second term is given exactly in Eq. (8.13b) due to the horizon condition, sA W phys , this s-exact correlator apparently vanishes in the infrared and implies color confinement in the GZ-theoryá la Kugo and Ojima.
CONCLUSION
BRST symmetry plays a central role in continuum gauge theory. It is used to define the physical space, to derive physical Ward identities like that satisfied by the energymomentum tensor, to obtain the Kugo-Ojima confinement criterion, etc. These familiar features of standard QCD are jeopardized in the GZ model by the non-vanishing vacuum 14 It contributes at tree level because the trace anomaly of Eq. (7.3) implies that
expectation value of some s-exact operators, sX = 0, which implies that BRST symmetry is spontaneously broken. We here addressed this problem.
Our starting point was the analysis of spontaneous breaking of BRST in the GZ theory.
To better define the theory, the GZ action was quantized on a finite volume with periodic boundary conditions that break the BRST symmetry explicitly. In Eq. (4.14) the BRSTbreaking was expressed as an integral over the surface of the quantization volume of a certain correlator. From this expression we derived in Eq. (4.17) a sufficient condition for the expectation value of a BRST-exact functional to vanish when the boundary recedes to infinity.
The GZ model exhibits a large class of unphysical symmetries that act on its ghost fields only. All physical observables are invariant under these symmetries of the ghost fields as well as the BRST-symmetry. This sharpens the notion of an observable in the GZ-theory. The definition of the space of observables W phys given in Eq. (5.2) relegates to the unphysical sector of the theory all cases of BRST symmetry breaking we examined. As a working hypothesis we therefore propose that BRST symmetry is preserved in the space W phys of observables, that is, sX = 0, for all s-exact operators sX ∈ W phys . This hypothesis was found to be sufficient for reconstructing the physical Hilbert space from the observable correlators.
We derived the energy-momentum tensor T µν = T YM µν +sΞ µν of the GZ theory, and verified the hypothesis for this case by proving that its BRST-exact part is an observable with vanishing expectation value, sΞ µν = 0. The horizon condition was essential for this result.
The tree level contribution to the trace anomaly T µµ = T YM µµ subsequently obtained in Eq. (7.3) is finite and provides a reasonable estimate of the Gribov mass parameter. The sign of the trace anomaly indicates that the vacuum with a positive Gribov mass has lower energy density. In contrast to Faddeev-Popov theory, the GZ-theory satisfies the KugoOjima criteria for color confinement already at tree level.
Several questions remain. One would like to prove the hypothesis that BRST is preserved by the physical observables. Though not strictly necessary, one also might wish to identify a larger class of s-exact operators whose expectation value vanishes. One such instance is found in Appendix C, another in the derivation the Kugo-Ojima confinement criterion. One would like to know if BRST is preserved in other, similar instances. Currently this is not easy to verify, because BRST was generally found to be preserved by certain functionals only when the non-perturbative horizon condition is satisfied exactly. The question of reflection positivity needed to establish non-perturbative unitarity also has not been addressed by the present article.
We would like to point out certain parallels in the construction of the Faddeev-Popov and the GZ theories. The Faddeev-Popov ghosts are introduced to localize the otherwise non-local Faddeev-Popov determinant. They not only bring new, unphysical, degrees of freedom into the theory, but also a new symmetry, the BRST symmetry. The unphysical degrees of freedom of the Faddeev-Popov ghosts are excluded from the physical space by requiring that observables be BRST-invariant. The auxiliary ghosts of the GZ model were introduced to similarly localize the non-local cut-off at the Gribov horizon. Like the FaddeevPopov ghosts, they bring new unphysical degrees of freedom into the theory, but also new symmetries, the ghost symmetries. The new, unphysical degrees of freedom of the auxiliary ghosts are excluded from the physical space by requiring observables to be invariant not only under the BRST symmetry, but also under all ghost symmetries.
Although many questions remain, we are impressed by the consistency of the present construction of the physical state space of GZ theory and of the results obtained. It is particularly intriguing that the BRST symmetry is preserved in cases of physical interest only if the horizon condition is satisfied. Our results suggest that the spontaneous breaking of the BRST symmetry may be relegated to the unphysical sector, and that the BRSTsymmetry preserving physical sector may provide a consistent non-perturbative quantization of gauge theories.
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The most prominent and important of the phantom symmetries is the BRST symmetry.
It is a nilpotent symmetry generated by the fermionic charge Q B given in Eq. (4.3). All observables are expected to be BRST-invariant. Although it governs the structure and renormalizability of the theory, the BRST symmetry fundamentally is an unobservable symmetry of a gauge theory and thus its most prominent phantom (symmetry).
Nilpotency means that the BRST charge anticommutes with itself,
as can be verified using Eq. 
Color-singlet phantom symmetries
Generators of color-singlet phantom symmetries commute with all color charges Q a C of Eq. (A.15). The first of these is the BRST symmetry. The ghost number extended to include the auxiliary ghosts is another, 
The commutator of Qφ ,µ with the BRST charge Q B of Eq. (4.3) gives an associated phantom symmetry generated by, . This color singlet phantom symmetry is generated by the charge,
with the density,
The BRST-variation of Q ω,µ is,
with the density, 
(A.9) 16 The symmetries of the theory are most easily found in terms of the unshifted variables by inspection of the unshifted Lagrangian, Eq. (2.4) and (2.5), where they are manifest (γ = 0). They may then be expressed in terms of the shifted variables.
The BRST-variation of Q N,µν gives the generators of an internal SO(4) symmetry of the auxiliary ghost,
with densities .11) and p µ given in Eq. (A.8).
These color singlet phantom symmetry generators form a closed algebra. They appear to exhaust the color-singlet phantom symmetries of the GZ-theory. Like Q B , many are spontaneously broken, for example
(A.12)
Color-adjoint phantom symmetries
Faddeev-Popov theory in Landau gauge and GZ-theory share the remarkable property [47] , that the color charge Q C is BRST-exact. With the BRST-charge of Eq. (4.3) we have that [14] ,
where .14) and the generator of rigid color rotations, Q C , of the GZ-theory is [9, 14] , 
Note that the symmetry of rigid color rotations, generated by Q K , by itself is spontaneously broken, whereas the diagonal group that includes flavor rotations generated by Q C remains unbroken.
As for Q C , the charges Q G may be decomposed,
The generators Q K and Q J for γ = 0 were used in [14] to show renormalizability of the theory.
The nilpotent BRST-operator Q B thus commutes with the generators Q 
The GZ-theory in addition possesses a set of phantom symmetries in the adjoint that mix auxiliary vector ghosts with FP-ghosts. Inspection of L gf in Eq. (2.8) reveals the invariance,
This phantom symmetry is generated by the charges,
of vanishing ghost number. Commuting with the BRST-generator Q B reveals another set of phantom generators in the adjoint representation, .22) which are readily verified to commute with the GZ-action of Eq. (2.8).
Q R,µa , defined in Eq. (A.21), is one of the more interesting unbroken phantom symmetries.
It is due to the absence of a vertex containingc and ω in L gf and implies that any operator with a positive number of FP-ghosts #c − #c has vanishing expectation value. This is true at fixed A, after integrating out the ghost fields, as is explained following Eq. (3.6). In particular the cω A -propagator for a fixed A-field vanishes in the GZ theory. We believe that Q C , Q N and Q R,µa are the only phantom symmetries that are not broken spontaneously.
Another doublet of adjoint phantom symmetries is found by (anti-)commuting these generators with color singlet phantoms. This closes the subalgebra with the additional commutation relations, 23) and the adjoint phantom charges,
It is worth noting in this context that Q 
The corresponding Goldstone zero-modes do not couple to observables and are often ignored (see, however, [53] [54] [55] ). That Qω ,ν is the charge of a broken symmetry due to Eq. (A.12), in this sense is not extraordinary.
For SU(N > 2) there are four more adjoint multiplets of BRST-doublets, (
using the symmetric combinations.
Additional phantom symmetries
At γ = 0 the GZ-theory is invariant under an internal SO(d(N 2 + 1)) symmetry of the auxiliary fields that acts on pairs B = (µ, b) of "vector-flavor" indices and transforms fermionic into bosonic ghosts and vice versa. For γ > 0 these symmetries are generated by,
(A.26)
The BRST-variation of these charges is,
An additional BRST-doublet is revealed by translating x µ → x µ + a µ in Eq. (A.26) and
Eq. (A.27) by an arbitrary constant vector,
Note that these charges are needed to close the algebra.
The color-singlet component of these phantom charges we already encountered in 
The structure constants f abc and d abc , project on the additional phantom charges in the adjoint representation mentioned at the end of Sec. A 2,
For an SU(3) gauge theory one further can project (Q E , Q F ) and (Q U , Q V ) onto two 10 and one 27 multiplets. We here refrain from doing so because these higher irreducible representations of phantom symmetries depend on the gauge group and we have no explicit use for them.
Some comments on phantom symmetries
The set If we consider (Q N , Q B ) a doublet, all phantom generators come in BRST doublets.
Phantom symmetries therefore should be unphysical and unobservable [48, 49] . Remarkably, the color charge of the model is part of a BRST doublet, yet another indication that color may not be observable [6, 9] .
In general it is a daunting algebraic task to determine whether an operator where a µ is an arbitrary constant that we may set to 0. We thus find, Appendix C: The criterion implies sD µωνb = 0
As an example that will be useful in the accompanying article [56] , we apply the criterion (4.17) to the operator sD µω a νb . We need to estimate the asymptotic behavior of with p n = 2πn/L, and n is an integer. The first term in Eq. (D.3) thus is the contribution of the zero mode whereas the second contains contributions from nonzero modes only. In deriving this expression we used that non-zero modes may be written as the derivative of a periodic function, whereas the constant zero mode cannot.
